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1 Coupled Dynamic Analysis with FALCON (Saturated Soils)

14 Introduction

This reference summarises the governing equations for saturated-soil dynamics—mass, mo-
mentum, and energy balances coupled with Darcy flow and Terzaghi's effective stress.
All symbols used below are listed once in Table 1.

1.2 Conservation of Mass

For saturated conditions, only two phases are present: solid « = s and water a = w.
For each phase:

%+V-(pan“ﬁa) = (1)

1.2a Solid phase
With u, = u and Darcy velocity w*:

%:(1—n)v-u (2)

Assumptions leading to Eq. (2): Solid grains are assumed incompressible with spatially
uniform density (Vp, = 0). The material time derivative D(-)/Dt = a(-)/at + - V(-) is applied to
the solid-phase mass balance.

1.2.2 Water phase

n D Y/
TP g gV w2

=0
X, Dt o (3)

Assumption for isothermal compressibility: In an isothermal environment, the rate of
change in fluid density is related to pressure through the bulk modulus:

1 Dpy 1 Dpy,
pw Dt K, Dt

where K,, is the bulk modulus of water.
1.3 Weak Forms

1.3 Fluid mass balance

/ SpwA, dQ + / Spu(W” -n* —w")dl =0 (13)
Q T

qw

with
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n Dp,, Vpuw

AW:EF+V'U+V'W +w" - o (14)
1.3.2 Generalized Darcy law (after Zienkiewicz et al. (1990); Lewis & Schrefler (1999))
w" = kw[_va + pw(b — )], k, = kint/UW (15)

where k;, is the intrinsic permeability tensor and 7,, is the water viscosity. Assumption:
Relative fluid acceleration ii,, is neglected.

1.3.3 Solid momentum balance

/ Su'(L'o + pb—pi)) dQ+ [ Su'(t—1,o)dl =0 (16)
Q I,

1.4 FE Discrete Equations

Unknown vectors: U, P,,.

Kinematic framework: Small-strain formulation is used for the stiffness matrix unless
geometric nonlinearity (updated Lagrangian formulation) is explicitly enabled for large-
deformation problems.

MU+ CU+KU-Q,P,, =F, (17)

M, U+0Q!U+cC,,P, +H,,P, =F, (18)

Note on the damping matrix C:
For coupled analyses, the global damping matrix C in Eq. (17) comprises both material damping
(proportional to density and a damping coefficient in dynamic analyses) and velocity-pressure
coupling contributions from Q] .

(See Appendix A for detailed matrix definitions.)

1.4 Reduced System: Negligible Fluid-Phase Inertia (M,, =~ 0)

Key assumption: In many geomechanics applications the inertia of pore water is negligible
compared with the solid skeleton. Assuming M,, = 0, the discrete equations reduce to

M,U+CU+KU-Q,P, =F, (17R)

QIVU + waPw +H,,, P, =F,, (18R)

These reduced equations are used by default in FALCON unless the inclusion of fluid-phase
inertia is explicitly required.
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1.4.2 Special Case: Consolidation Analysis

For consolidation analysis (quasi-static coupled analysis), all acceleration terms vanish
(U = 0), and the discrete equations reduce to:

CU+KU-Q,P, =F, (170)

QI/U + waPw +H,,,P, =F, (18C)

This formulation represents Terzaghi's consolidation theory in its general form, capturing
the time-dependent dissipation of excess pore pressure and associated deformation of
the soil skeleton. The coupling between solid deformation rate (U) and pore pressure (P,,)
governs the consolidation process.

Note: In many consolidation problems, the damping term CU in Eq. (17C) is neglected,
further simplifying to:

KU -9Q.,P,, =F, (17C/)

1.5 Appendix A: Finite-Element Matrices and Vectors

151 Mass matrices

M, = QNLpNu dQ (19)
M,, = / (VNpw) kypiw Ny dQ (20)
Q
1.5.2 Coupling matrices
Q= /BTmNpW dQ (21)
Q
1.5.3 Hydraulic conductivity matrix
H,., = / (VN,.) kW VN, dQ (23)
Q
1.5.4 Compressibility matrix
Cyw = A N},,CiN,,, dQ (24)

with
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Ci=¢ (25)
1.5.5 Load and flow vectors
F, = /NLpbdQ+/ Nl tdl (26)
Q T,
F, = A (VNp) Ky pob dQ — / N}WWW dr (27)
aw
1.6 Table 1: Variable Definitions
Symbol Description
M* Q% mass, volume of phase « € {s, w}
Pa> P4 p phase density, partial density, mixture density
n% n phase volume fraction, porosity
DPw pore-water pressure
o, o/ total stress, effective stress (Terzaghi)
K, N bulk modulus and viscosity of water
Kint, ku intrinsic and effective permeability
u, U, i displacement, velocity, acceleration (solid)
w" Darcy velocity of water phase
€ strain tensor
b body-force vector
E;, Ex, P internal energy, kinetic energy, power
N, B, L shape, strain—-displacement, differential operators
M, K C, H global mass, stiffness, damping/coupling, conductivity
matrices
Q. solid—fluid coupling matrix
M, M, phase-assembled mass matrices
| § hydraulic conductivity matrix
Cuw compressibility matrix
Ci element-level coefficient (see Appendix A)
n*, [ outward unit normal, stress-traction operator
t prescribed traction (Neumann BC)
w" prescribed Darcy flux of water phase
U, P, global DOF vectors (displacement, p,,)
F,, F., global load / flow vectors
m Coupling vector =[1, 1, 1, 0, 0, 0] in 3D Voigt notation
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